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Abstract

In his seminal work, Schelling (1971) shows that even preferences for
integration generate high levels of segregation. However, this theoretical
prediction does not match with decreasing levels of segregation observed
since the 1970s. We build a general equilibrium model in which preferences
depends on the number of peers and unlike individuals, but also on the
weight they attribute to living in the minority or along a sizable minority,
which we call their perception of the minority. In this framework, there
always exists a structure of the preferences for which integrated equilibria
emerge and are stable. Even when individuals are racist, there is still a level
of the perception of the minority for which integration is a stable outcome.
We then propose an econometric method to derive the structural preference
parameters of the model in the case of South Africa. Estimated preferences
provide evidences toward more integration.

∗We would like to thank David Albouy, Renaud Bourlès, Yann Bramoullé, Pierre-Philippe
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1 Introduction

In his seminal contribution, Schelling[49] demonstrates that even if individuals
exhibit preferences for living in a mixed neighborhood, complete segregation is
the most likely outcome. However, the trend observed in the United States since
the 1970s is declining and has almost returned to the levels observed before the
Jim Crow Era.1 In South Africa, we observe a similar trend since the end of the
Apartheid in 1994 (see Figure 1). In this paper, we propose a theoretical model
which can account for both segregationist and integrationist patterns. We then
provide a structural econometric analysis of South Africa.

Figure 1: Evolution of segregation in the United States and South Africa
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This graph plots the Black-White segregation for the United
States and South Africa. It is measured by the dissimilarity
index (Duncan and Duncan[27]). Data for the United States
come from Glaeser and Vigdor[33]. Data for South Africa come
from Christopher[18][19][20]. In both cases, segregation is an
average of the main metropolitan areas.

We argue that people may perceive some benefits from living in integrated
neighborhoods and choose to relocate in these newly desirable locations. Individ-
uals are even willing to pay at least $300 for less segregation in the United States
(Zhang and Zheng[58]). Or they may simply value diversity (Aldrich et al.[2], and
Wong[54]). These benefits can be of different orders. We might think for instance
to complementarities in the job market as Blacks and Whites specialize in different
tasks,2 or to the improvement of risk-sharing due to the different assets held by

1Even if Black-White segregation is declining, Hispanics and Asians are still segregated in the
United States (Charles[17], De la Roca et al.[23])

2We draw a parallel with the migration literature here. By specializing in different tasks,
migrants and natives first avoid competition (Peri and Sparber[46]). Then they also increase
wages and production due to complementarities in the tasks performed. Borjas[9] estimates the
gain between $7 and $25 billion in the United States while Ottaviano and Peri[44] find an increase
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Blacks.3 These kind of effects depends explicitly on the size of the minority in the
neighborhood which is why we talk about perception of the minority.

We build a location choice model in which we directly implement this comple-
mentary externality in the utility function of the individuals next to racial attitude
effects. We assume that the utility function depends on the number of individuals
of the different groups living in the neighborhood as Schelling and the following
literature did.4 We then depart from the literature by adding a term measuring the
size of the minority in the utility function which aims to capture their perception
of the minority.

We find that integration can emerge as a stable outcome although individuals
have homophillic preferences. In this case, the premium generated by the presence
of a minority needs to be sufficiently high to circumvent the effect of homophillic
preferences. But this situation is dependent from the initial conditions. In fact, if
the minority is too small in both locations, then each minority prefers to relocate in
the location where their own group is the majority rather than keep on living in the
minority. As a consequence, segregation emerges despite a benefit of integration
positive enough. But segregation is not robust anymore, contrary to the literature.
A shock strong enough will now displace the economy into a stable integrated state.
The situation described by Schelling appears to be a special case of our model.
We find also cases of non convergent dynamics.

Previous theoretical papers mainly try to explain the persistence of segrega-
tion.5 Individuals look at their direct neighborhood on a grid and moves when
dissatisfied by the racial mix. In this context, even strict preferences for integra-
tion lead to complete segregation due to space constraints. Our model is related to
the bounded-neighborhood model (Schelling[49]) in which individuals look at the
racial mix of the broad area where they live.6 However, except for Miyao[42], the
model is a partial equilibrium model accounting only for changes in one precise lo-
cation. Thus, integration can be stable in one location while segregation increases
as a whole. We follow Miyao[42] by having a general equilibrium framework. Note
however that stable integrated equilibria in Miyao’s work arise because preferences
are sufficiently weak so that individuals move in fact at random in the absence of
another mechanism of location selection. We also depart from the threshold utility
function assumed after Schelling[49], because the linear form has some empirical

of 0.6% on average of the wage of natives.
3Bramoullé and Kranton[12] show that if there are risk-sharing relationships across commu-

nities, those who are linked (directly or indirectly) across neighborhoods have a higher welfare
while those who are not have a lower condition but the aggregate welfare is higher.

4See Schelling[48][49][50], Pancs and Vriend[45], Zhang[57][56], or Grauwin et al.[35]
5See the previous footnote.
6See Schelling[48][49], Miyao[42], Granovetter and Soong[34], and Dokumaci and

Sandholm[25].
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supports (Bruch and Mare[14], and Easterly[28]). Moreover, it can also generate
higher level of segregation than the threshold utility function in some cases (Van
de Rijt et al.[52], and Bruch and Mare[15]).

We then propose an empirical strategy to recover structural estimates of the
perception of the minority and other preference parameters. We use the asym-
metric impact of the perception of the minority between locations dominated by
Whites and those dominated by Blacks to identify our parameters of interest. We
then recover the structural parameters in a two-stages procedure. First, we es-
timate the dynamics suggested by the theoretical model. Then, by identification
between the theoretical and the econometric models, we implement a least-square
solution of the overidentified system.

We adress the concerns of heteroscedasticity by using robust covariance matri-
ces, and of endogeneity of the racial mix with instrumental variables. We exploit
the spatial dependence between group’s locations. If a location is inhabited by
a large number of Whites, neighboring locations are likely to be inhabited by
Whites too, and so on for neighboring locations of neighboring locations. At the
same time, unobserved factors are likely to be correlated only locally. Therefore,
there is a certain distance from which the number of individuals in the neighboring
locations is still correlated with populations in the origin but no longer with the
unobserved factors.7 We thus use the average number of group members in the
neighboring rings at order 2 and 3.

We use data from the South African censuses of 1996, 2001, and 2011 to avoid
the Apartheid era. We harmonize the data at the 2001 subplace level to get a
consistent and stable geography throughout the three waves. Our different esti-
mations provide similar results. In all specifications, we find that the perception of
the minority exceeds racists preferences in absolute value. While there are studies
estimating preferences for the United States8 or Singapore9, we are, to the best of
our knowledge, the first to study it for South Africa. Moreover, the type of data
used is really important for segregation as different aggregation levels may pro-
duces contrasting pictures. A city may look integrated while all its neighborhoods
may be completely segregated. However rich disaggregated data are difficult to
find. Thus, researchers have employed public use micro areas (PUMAs) for city
level analyses.10 On the other hand, others have employed detailed data, usually
of a particular city, for neighborhood based analyses.11 Our study uses data of the

7Kasy[37] use a similar argument by using the average number of group members in neigh-
boring units that are 3kms away from the origin.

8See Bajari and Kahn[5], Bayer et al.[7], Kasy[37], and Zhang and Zheng[58].
9See Wong[54].

10PUMAs are areas constructed to have at least 100 000 individuals. See Bajari and Kahn[5],
and Zhang and Zheng[58].

11See Bayer et al.[7], Wong[54], and Kasy[37].
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latter kind.
Our paper contributes to the literature on the estimation of preferences for

neighborhoods.12 However, our methodology is different. While they estimate
preferences from the equilibrium relationship of a location choice model, we use
instead the dynamics of such a model to estimate preferences. Because it takes
time for individuals to adjust their location choices, estimating an equilibrium rela-
tionship at a particular time may not reflect the true preferences. Only two papers
estimate a preference for diversity (Wong[54], and Zhang and Zheng[58]), but we
all use a different identification strategy.13 Wong[54] interprete the significantly
negative sign of the squared number of Chineses, Indians, or Malays as a taste for
other-group members. But the turning points from which other-groups are desired
are not precisely estimated. Zhang and Zheng[58] insert segregation directly in the
utility function. They are then able to estimate the willingness-to-pay for a de-
crease in segregation as a taste for diversity. However, they cannot distinguish the
effect of own-group and other-group preferences. Instead, we specify a structure
for the perception of the minority which allow us to explicitly distinguish between
all preference parameters. The asymmetricity of the perception of the minority
allows us to identify the effect. Finally, our goal is different from previous paper
as we do not only want to estimate preferences. But we also want to assess if such
estimated preferences are compatible with stable integration.

The paper is organized as follows. Section 2 first describes the model. We then
characterize the necessary conditions for uniqueness and stability of an equilib-
rium. We analyse two relevent structures of preferences in the following subsec-
tion. Finally, we provide an extension of our framework, giving the basis for our
identification strategy at the end of the section. In section 3, we describe the data
and our empirical methodology. Then we present our reduced form and structural
estimates at the end of the section. We discuss our results in the final section. All
proofs are given in the appendix section.

2 A model of racial integration

2.1 The model

Think of a city (or a country) divided into two identical locations indexed on
i ∈ I = {1; 2}. Two groups live in this city. Each individual is directly identifiable

12See Bajari and Kahn[5], Bayer et al.[7], Wong[54], Kasy[37], and Zhang and Zheng[58].
13Bajari and Kahn[5] find some preference for integration for Whites using a three-stage ap-

proach. But they restrict their sample only to working migrants which is likely to bias the
estimates of such preferences.
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by his type k ∈ K = {W ;B} which he can not hide.14 The number of members
of group k living in location i is thus denoted by Nk

i and the total number of
individuals of type k in the city is represented by Lk. We consider that any number
of individuals can live in the two locations. There are no spatial arrangements
inside the neighborhoods. Individuals are either in or out. Thus, each location
constitutes a bounded neighborhood, i.e. all individuals inside the location are
neighbors with everyone else inside (as in Schelling[49][50]).

Individuals of type k have an utility function Uki for living in location i. Uki

is composed by a deterministic part15 uki and a stochastic part εki, which can
represent unobserved idiosyncratic characteristics, such that :

Uki = uki + εki. (1)

As Schelling did, we assume that individuals care only about the racial mix of
the location where they reside. Contrary to previous works, individuals also care
about the presence of a sizable minority. Recent empirical works have shown the
existence of such effect.16 This takes the following form :{

uWi(NW
i , NB

i ) = aNW
i + bNB

i + γWMin[NW
i ;NB

i ]
uBi(NW

i , NB
i ) = cNW

i + dNB
i + γBMin[NW

i ;NB
i ]

, (2)

with a, b, c, d, γW , γB real parameters expressing respectively the White taste
for Whites, the White taste for Blacks, the Black taste for Whites, the Black taste
for Blacks, and the White and Black perceptions of the minority. The choice of a
linear form is debated in the literature.17 Card et al.[16] show that tipping points
occurs locally when the minority share exceeds a threshold ranging from 5% to
20%. However, globally they do not seem to be any tipping behavior (Bruch and
Mare[14], Easterly[28]).

The interpretation of the last term is twofold. First, the min term can be seen
as an explicit modelling of what Schelling[48][49][50] calls the minority status, the
fact that individuals have a preference on whether they live in the minority or
not. Depending on the sign of the γ coefficients, it directly expresses the taste for
living in the minority if I belong to the minority and it reflects my perception of
the minority if I belong to the majority which is also equivalent to minority status.

14We refer to W and B as Whites and Blacks as the racial dimension of segregation is one of
the most salient feature in the United States or in South Africa, but we could have chosen any
other dichotomy such as the young and the old, the rich and the poor, girls and boys as Schelling
explains[49][50].

15Which can be interpreted as the representative utility of the group k for the location i
(McFadden[40] and Miyao[42]).

16See Aldrich et al.[2], Wong[54], or Zhang and Zheng[58].
17Grauwin et al.[35] also provide an analytical solution of the Schelling model with potential

functions in the case of similar linear utility functions.
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Second, this min function expresses an idea of economic complementarity be-
tween the groups. For instance, think about a rich White community which needs
a certain amount of poor Blacks in order to do some jobs that they do not want to
do themselves like cleaning the sewers or picking up the trashes.18 This argument
is supported by the literature on the impact of migration on natives as developped
in the introduction. The underlying idea is that if someone wants something that
the other group has (a specific good or service, an insurance against shocks ...), he
should tolerate at least some of their members.

Individuals choose where they want to live according to a best response rule.
Consequently, individuals of type k select location i with probability P ki such that
the location they have chosen is the one that maximizes their utility :

P ki = Pr(Uki > Ukj, ∀j 6= i and i, j ∈ I). (3)

We assume that individuals do not move if they are indifferent as the inequality
is strict. Consequently, the Nash equilibrium of the game is an allocation of indi-
viduals accros locations such that all players live in the location which maximizes
their utility :

Nk∗

i = P kiLk, ∀i ∈ I, k ∈ K (4)

with ∑
i∈I

Nk
i = Lk > 0. (5)

2.2 Existence

Proposition 1. Under the model expressed above, a Nash equilibrium exists.

As our model has only two localities, it is possible to only study the situation in
one location, say location 1, as the situation in the other location is complementary.
This allows us to define intuitively the different states in which the system may
end.

Definition 1. An equilibrium is said to be integrated if all locations match the

racial mix of the society (i.e. if it lies on the line which equation is NB
1 =

LW

LB
NW

1 )

and segregated otherwise. Moreover, it is said to be completely integrated if

each location is equally populated (i.e. if Nk
1 +N−k1 = Nk

2 +N−k2 =
Lk + L−k

2
∀k ∈

K). Segregation is complete if the two groups live entirely in a separate location.
Finally, we say that a group deserts one location if this group lives entirely in
only one location.

18Alan Kirman told me this example.
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The definition of the different states can be generalized to the case of n groups.
Moreover, this definition is more general than what the literature is using. Ac-
tually, they say that a state is integrated if all locations are equally populated
by the two groups. Nevertheless, this definition does not take into account the
possible disequilibrium in the size of the two groups, especially when one group
is clearly assumed to be the minority (and therefore the other one is the major-
ity). In our case, an integrated state reflects the relative size of the two groups in
the society19 and we go back to the standard case used in the literature if both
groups are of equal size. This discrepancy in the literature is again a matter of
local versus global integration. If we are interested in only one location, there is
not point in considering different mixtures than the 50-50 racial mix as integrated.
But if we want to evaluate the level of segregation of the whole city, we should
then acknowledge that an integrated state should reflect the city relative sizes of
the groups in each location.

2.3 Uniqueness and stability

Before analyzing the properties of an equilibrium in this model, we have to made
another assumption about the distribution followed by the stochastic part. In order
to keep the model simple, we assume that εkj− εki follows an uniform distribution
on the interval [α; β] with α < 0 and β > 0. This assumption reduces the model to
a linear probability model well-known in the discrete choice theory (Anderson et
al.[3]). Because we are focusing only on location 1 we can simplify the notations
by replacing NW

1 by W and NB
1 by B. We then get the following system:
W =

∆uW1 − α
β − α

LW

B =
∆uB1 − α
β − α

LB

(6)

with
∆uki(Nk

i , N
−k
i ) = uki((Nk

i , N
−k
i ))− ukj(Nk

i , N
−k
i ) (7)

where −k denotes the type different from k. For the sake of simplicity, let denote
the size of the support of the uniform distribution θ ≡ β − α.

At this stage, it is convenient to assume equal population sizes LW = LB ≡ L
to alleviate computations. In this case we know explicitly the behavior of the min
term in the utility function.20 We can then compute the equilibrium as a function

19As mentioned by Fossett[30], and Clark and Fossett[21]
20See the proof of proposition 1 for explicit details of the behavior of the min function in this

case.
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of the parameters of the model :



W ∗ =
L[L(2b+ γW )(α + L(c+ d+ γB))− (α + L(a+ b+ γW ))(2dL+ LγB − θ)]

L2(2b+ γW )(2c+ γB)− (2aL+ LγW − θ)(2dL+ LγB − θ)

B∗ =
L[L(2c+ γB)(α + L(a+ b+ γW ))− (α + L(c+ d+ γB))(2aL+ LγW − θ)]

L2(2b+ γW )(2c+ γB)− (2aL+ LγW − θ)(2dL+ LγB − θ)

.

(8)
We have now to specify how the dynamic adjustment takes place if the city is

out of equilibrium. We assume that individuals update their behavior according to
the configuration of the society in the previous period. Deriving from the system
(6), we have the following dynamic adjustment process :


Ẇ =

((2a+ γW )L− θ)Wt + (2b+ γW )LBt − L2(a+ b+ γW )− αL
θ

Ḃ =
(2c+ γB)LWt + ((2d+ γB)L− θ)Bt − L2(c+ d+ γB)− αL

θ

(9)

with Ẇ =
∂Wt

∂t
and Ḃ =

∂Bt

∂t
.21 At this point, we may note that the perception

of the minority plays a role of correction of the racial preferences. We then have
the following properties :

Proposition 2. Under the dynamic adjustment process (9), an integrated equilib-
rium is unique if and only if it is stable.

The link between the uniqueness and the stability is due to the linearity of this
specification. Let us define what is a structure of preferences in this framework.

Definition 2. A structure of preferences is a set of constraints on the pref-
erence parameters for the own group and the other groups, a,b,c, and d.

Proposition 3. ∀a, b, c, d, θ, L such that θ
L
6= 2(d − c), a 6= b, and c 6= d, there

always exists a combination of perception of the minority (γ∗W ; γ∗B) such that the city
will be integrated (possibly) without any policy intervention no matter the initial
configuration. Moreover, there also always exists a combination of perception of
the minority (γPW ; γPB) for which the city can become integrated through a relocation
policy if it were segregated in the first place. These statements are true for any
structure of preferences.

21The system can be solved analytically which is done in appendix.
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The ”(possibly)” term in the proposition comes from the fact that the system
will behave as a (spiral) sink. Thus all trajectories should converge to the inte-
grated equilibrium. However, as there cannot be a negative number of individuals
in a location, some trajectories are constrained to converge toward a segregated
state. Hence, the ”(possibly)” term. We will illustrate this property in the ”mutual
reject” case.

2.4 Exploring different structures of preferences

Despite a large number of possible structures of preferences, we restrict our anal-
yses to three cases that we think to be relevant. All these structures have in
common to keep the attitude of Whites constant. In each situation, Whites will
have a tendency to segregate by seeking peers and rejecting the other group. Al-
though there are signs of greater tolerance from Whites, we believe that this is still
the main attitude in both the United States (Krysan et al.[39]) and South Africa
(Duckitt et al.[26], and Dixon et al.[24]). So, we want to explore the dynamics of
segregation given the attitude of Whites with respect to three possible attitudes
that the discriminated groups may adopt.

We will further make a difference between an equilibrium and a state in the
following sense:

Definition 3. A state is a dynamically instable racial mix which is constant over
time.

With this definition, an equilibrium is stable in the Newtonian sense of the term
as at this point the sum of the pushing and pulling forces will be null. On the
contrary, a state will be stable because the city is constrained to have only positive
numbers of individuals in each location. Thus, there could be stable configurations
in which the city is trapped. We call such situations states, they are dynamically
unstable as the sum of forces at these particular points are not null. But the city
will converge to these states as time goes to infinity. They are basically corner
solutions. Hence the definition above. We will consider these states as (at least
locally) stable.

2.4.1 Mutual reject

When both groups are racist (b and c < 0), we say that both groups are rejecting
each other. Moreover, as explained in the proof of the proposition 3, antisocial
behaviors are very unlikely to be representative of a large share of the population.
Thus, we also restrain individuals to have homophillic preferences as well (a and
d > 0). Sakoda[47] describes a similar situation in his ”segregation” case. It also
portrays the relationship between Afrikaaners and Africans (Duckitt et al.[26]).
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We use the following parameters set: a = 10, b = −8, c = −2, d = 6.22 Figure 2
depicts the bifurcation diagram and the associated dynamics.

From these graphics, we can see that integration can arise and be stable both
with and without any intervention. This directly comes from proposition 3. For a
couple (γ∗B; γ∗W ) lying in area 1, the integrated equilibrium is stable. This occurs
actually for a positive value of the Black perception of the minority and a negative
value of the White perception of the minority.

With such values of perceptions, if the city starts in a configuration in which
Whites dominate the most populated location. Then if the number of Blacks in this
location is sufficiently large, Whites will move rapidly in the location dominated by
Blacks. Whites in the location they dominate benefit from a large number of peers
but endure a consequent Black minority as well. So the negative impact of the
Black presence is amplified by the negative perception of the minority Whites have.
In the other location, Whites suffer from living in the minority but this effect is
attenuated by living with some peers and by the small number that constitute the
White minority. They also suffer from the size of the local Black majority. Whites
face then a trade-off between a location with a lot of peers but with a too high
Black minority and a location with few peers but with a Black majority. Since they
strongly reject the association with Blacks through their strong negative perception
of the minority, the utility differential is in favor of the location dominated by
Blacks as soon as the Black minority is large enough.

The fact that Whites would abandon a location where they dominate for a
location where they constitute the minority in the first place seems to be counter-
intuitive. However, consider a situtation in which at least some Whites would have
(in addition to their preferences for the racial mix) eugenic preferences concerning
mating and marriages. Then, as the number of Whites in the location grows, it
would be more difficult for these White eugenicists to influence their peers toward
homogamous relationships. Thus, even if they hate Blacks, they might move in a
location where they are the minority in order to insure their eugenic goal. Pun-
ishment of defectors would be easier and would increase the average utility of the
White minority (Boyd et al.[11]). Bisin and Verdier[8] also describe such segrega-
tion norms in the marriage markets of French aristocrats, or Orthodox Jews.

On the other hand, Blacks will be more reluctant to enter a location domi-
nated by Whites. In this kind of location, they will benefit from a small share of
peers but this effect is positively reinforced by the complementarity with Whites.
However, they will suffer from a large number of Whites. In the location domi-
nated by Blacks, they will enjoy a large number of peers and the few Whites will
cause them only minor discomfort. But they will benefit only moderately from
the complementarity with Whites. This might be the case if Whites possess the

22For the sake of simplicity, we fix θ = 6, α = −3 and L = 1 for the rest of the section.
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factors of production while Blacks mainly compose the labor force, which was the
case during the Apartheid. Still today, this situation persists despite some redis-
tribution policies. As Blacks value strongly the complementarity with Whites, the
location dominated by Blacks is not as desirable as it seems compared to the one
dominated by Whites. So the utility differential between the two locations is lower
than for Whites. It is also in favor of the location dominated by Whites as Blacks
want to live with the biggest minority possible.

Whites want to live with the lowest minority possible while Blacks desire the
largest minority possible. So both groups are initially drifting apart as they prefer
different locations. In the location dominated by Whites, a lot of Whites move
out while at the same time a few more Blacks move in. While in the location
dominated by Blacks, a lot of Whites move in and few Blacks move out. These
two dynamics increase the utility differentials in the same direction. The location
dominated by Whites becomes more attractive for Blacks as the minority increases
and the number of Whites diminishes. While in the location dominated by Blacks,
the minority increases but is still lower than the minority in the other location.
Also, the Black majority decreases, which makes the Black dominated location
more attractive for Whites. At some point, the number of Whites will be equal
between the two locations. But as long as the number of Blacks is different in
the two locations, Whites will continue to choose the location with the lowest
minority while Blacks will choose the one with the largest minority even if the
minority changed its color. This dynamic motion can continue to a completely
segregated equilibrium.

However, after the minority changed color in both locations, there is a point
from which Blacks switch their prefered location. This change occurs because
the Black minority in the initially Black dominated location is sufficiently large
compared to the White minority in the other location. Thus, the positive effect for
Blacks of being in a Black minority offsets the negative impact of the large White
majority and the benefit they would get from peers and a small White minority
in the other location. Then Blacks will move in the White dominated location.
Still, Whites are very sensitive to Black variations in their number. So, the Black
minority will increase so much that even if Whites are all in the same location,
they will evacuate this location. This process will move as described before until
the city will reach the perfectly integrated equilibrium.

At this point, both Blacks and Whites do not want to move anymore because
deviation will be harmful for both groups. Imagine that 1% of the Whites deviates
from the equilibrium, then one location will have a 51% White majority but a
50% Black minority. As Whites do not like Blacks and Black minorities even
more, they will face a strong penalty to live in this location. In the other location,
49% Whites will reside with 50% Black. However, the minority is first lower than
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in the location dominated by Whites and, as it is a White minority, homophilly
weakens the negative perception of the minority. Thus, 1% of Whites will move
back to the Black dominated location. If 1% of Blacks deviates, the equilibrium
will be restored because homophilly strengthens the Black positive perception of
the minority.

As mentioned before, even if for some trajectories the city will converge alone
toward the perfectly integrated equilibrium,23 there are some initial configurations
for which the city ends in a completely segregated state. In this kind of situation,
a government willing to build an integrated city could achieve its goal by imple-
menting a relocation policy. However, the number of people displaced has to be
sufficiently large in a one shot movement to bring back the city on an integration
path. If the policy is not properly calibrated then people will move back to their
previous location(s), or others will compensate their departure. This sort of big
push policy are similar in the spirit to programs like the Moving To Opportunity
experiment in the United States. Our analysis could help to calibrate the proper
size of the program if it would be generalized 24.

Now, if a government would like to get an integrated city, he could also design
a policy aiming at promoting positive perceptions of the minority for both groups.
Thus, we would be in the first quadrant of the (γB; γW )-plan, and more generally
in area 2 of the figure 2. The city behaves as a source, and can end in locally stable
segregated or integrated state depending on the initial conditions. However, the
government will be able to restore integration if the city was segregated in the
first place by a sufficiently large relocation policy. Once again, the type of policy
advocated is a kind of big push story.

If the city starts in a configuration where both locations are not too unbalanced,
then the city will converge toward an integrated state where all individuals gather
in the initially most populated location. If both groups perceive positively the mi-
nority, their utility will be larger in the location where the minority is the largest.
If Whites dominates this location, they will also benefit from the large White ma-
jority through their homophillic preferences. If they constitute the minority, their
positive perception of the minority will amplify their homophillic preferences. This
effect will more than compensate the large Black majority if the White minority is
large enough. In the least populated location, Whites will benefit less from both
their majority status and from the Black minority. Thus the utility differential
will be in favor of the most populated location for both groups. Thus both the
minority and the majority groups will be larger as people moves from the least to
the most populated location which widen further the utility differential.

If the city is initially unbalanced enough, the positive perceptions of the minor-

23One of them being the one starting from the big circle in the Sink picture of Figure 2.
24See Katz et al.[38] for details about the experiment
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ity are not sufficiently large to compensate homophillic effects. Complete segrega-
tion would then occur. Whites in the location they dominate benefit largely from
a large majority and benefit only a little from the small Black minority. In the
other location, Whites will suffer from the large Black majority and gain only few
from their minority status. The situation is symmetric for Blacks. So both groups
will have a utility differential in favor of the location dominated by their peers.
Thus, Whites will move in the White dominated location, while Black will move
out, which broaden the utility differential. However, in this example, relocating
more than 30% of Blacks (or more than roughly 45% of Whites) at once will bring
back the city on an integration path.

Finally, if the social context is such that both groups perceive negatively the
minority, then we are almost completely in the third quadrant of the (γB; γW )-
plan. More generally, the area 3 of the figure 2 exhibits the same type of saddle
dynamics, only segregated states will emerge. In this situation, the perceptions
of the minority reinforce the segregation forces of homophilly and racism. Both
groups want to live with the smallest minority possible. Whites living with a Black
majority suffer both from being with a large number of Blacks and to live in the
minority. While in the other location, their disutility of being associated with a
Black minority is soften by the large peer presence they enjoy. So as long as the
unlike minority is not too large, the utility differential for each group will be in
favor of the location dominated by their peers. Thus, the two groups will drift
apart and a completely segregated city will emerge.

There are also initial configurations in which the city may at first sight converge
to the perfectly integrated equilibrium but finally collapse in a segregated state. If
Blacks dominate the most populated location, the large White minority generates
a lot of discomfort for them. In the other location, Whites constitute the majority
but suffer moderately from the small Black majority. Then at first, both Blacks
and Whites will prefer the location dominated by Whites and start moving in,
which pulls the city toward more integration. However, at some point for Blacks,
the racism effect of the growing White majority overcomes the homophillic effect
of the growing Black minority (which is also counterbalanced by their negative
perception of the minority). Then, the utility differential between the two locations
changes. Whites still prefer the White dominated location whereas Blacks move
in the Black dominated one. Finally, the two groups will drift apart until the city
will be completely segregated as described earlier.

Once again we were in a situation in which a group, despite being largely
dominating one location, will choose to leave this location. As a way to rationalize
the Blacks’ behavior, imagine that the White dominated location is the most
affluent location. Then Blacks would move in to benefit from the higher standard
of life in this affluent location. However, acculturation and status concerns may
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bring back Blacks in their previous location.

2.4.2 White segregation versus Black integration

Blacks may oppose to the White segregationist preference structure a desire to
live with both Blacks and Whites. This translate into a positive taste both Blacks
and Whites. We also choose to study the case of a stronger homophillic preference
than the taste for the other group due to the homophillic bias already discussed
earlier. Farley et al.[29] find such structure of preferences in the Detroit area in the
late 1970s. In South Africa, Blacks have such preferences toward English speaking
Whites, but English speaking Whites have also a friendly attitude toward Blacks
(Duckitt et al.[26]). Our parameterization is set as follows: a = 10, b = −8, c = 5,
d = 7. Figure 3 represents the associated bifurcation diagram.

In this context, a completely integrated equilibrium can emerge from two neg-
ative perceptions of the minority. More generally, integration can be generated
by any combination of perceptions that lies inside the area 1 of Figure 3. How-
ever, the mechanism is similar as the one described in the ”mutual reject” case.
The main difference is that a relocation policy is not necessary in this case as the
smallest level of integration is always prefered by Blacks. Assume that the city
is completely segregated. Then, all Whites live in their most desirable location
as they do not like Blacks and minority status. If 1% of Whites move out from
this location, they will suffer from a number of Blacks, and constituting a small
White minority. Compared to the all Whites location, they will choose to move
back to their previous location, restoring the completely segregated state. On the
other hand, if 1% of Blacks move in the all Whites location, they will benefit both
from the maximum number of Whites, from the small presence of their peers, and
from being in the minority. Compared to the all Black location, they will prefer to
stay where they are. Thus the utility differential for Blacks shifts in favor of the
location dominated by Whites. Integration will increase as both groups will favor
the same location. Then, when the Black minority will be large enough, Whites
will prefer to move out of this location. A completely integrated equilibrium will
thus emerge as a stable outcome as described earlier.

Source dynamics can also arise in this context, but with this structure of pref-
erences, we want to emphasize that all source dynamics might not be desirable.
For perceptions of the minority lying in area 2 of Figure 3, the source dynamics
is spiraling. When the city is in this situation, neither the completely segregated
states nor the integrated ones are stable anymore as one group will chase the other
indefinitely in a limit cycle. Imagine that the city starts in the integrated state in
which all individuals live in location 2. Then, Whites will move in the deserted
location because they actually suffer a lot from the largest minority possible (no
matter the color of the minority), and from the largest group of Blacks possible.
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On the other hand, they will enjoy living alone in the other location as there is no
Black minority at all despite the limited peer presence. Thus the utility differential
for Whites is in favor of the deserted location. For Blacks, the deserted location
is not interesting as they would be alone only benefiting from the small number
of peers while complementarity with a large number of Whites, and a large Black
majority is strongly beneficial for them. Thus, the utility differential for Blacks
is in favor of the most populated location. At some point, the White minority
becomes too small compared to the benefit of a small Black minority living in
the all White location. Then both groups will favor the same location until the
point where the Black minority will grow too large. The dynamics will continue
as described previously but for a different location, hence completing the cycle.

Finally, the saddle dynamics that can occur lead to a segregated state as pre-
viously. However, segregation is not complete in this case as a small number of
Blacks will live within the location dominated by Whites.

2.4.3 Acting White

Some individuals of the discriminated group may reject their own group and em-
brace the culture of the dominant group. This phenomenon is known as ”act-
ing White” or more generally as the oppositional culture hypothesis. It has
been used to explain the different performances of Blacks and Whites in school
tests (Ainsworth-Darnell and Downey[1], Austen-Smith and Fryer[4], Fryer and
Torelli[31]) or on the job market (Battu et al.[6]) in the United States. This be-
havior is much less studied in South Africa, only partial evidences could be found
in the literature (McKinney[41]). In our framework, this behavior translates into
the following parameters set: a = 10, b = −8, c = 5, d = −7. Figure 4 portrays
the associated bifurcation diagram.

Compared to the previous structures of preferences, a stable completely inte-
grated equilibrium can emerge for a larger subspace of the (γB; γW )-plan (both
with and without spiraling). Usually, completely integrated equilibria will not
require a policy intervention in this case. Integrated states will occur also more
frequently despite a reduced subspace for source dynamics because some saddle
dynamics will lead to integrated states rather than completely segregated states.
Moreover saddle dynamics will usually not produce completely segregated states
when deviating from an integrated one.

In the first quadrant of the (γB; γW )-plan, saddle dynamics have almost re-
placed the source dynamics. For some combinations of perceptions of the minority,
the saddle dynamics will lead only to integrated states as for the example illus-
trated in Figure 4. If the city starts in a highly segregated configuration, Whites
benefit a lot from their large majority and their racism is compensated by their
positive perception of the minority in the location they dominate. In the other
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location, they benefit only a little from their small peer presence and consequently
gain only little from their complementarity with Blacks, but they suffer a lot from
the large Black majority. So the utility differential is in favor of the location
dominated by Whites. Besides, Blacks in the location dominated by Whites are
benefiting from a large White majority, and both the small number of Blacks and
living in the minority weaken the negative effect of a peer presence. In the other
location, Blacks endure a large peer presence and benefit only a little from the
small White minority. Hence, the utility differential is also in favor of the White
dominated location. Then both Blacks and Whites will gather in the same location
pushing the city into an integrated state.

Imagine now that Whites are initially close to an equal distribution in the
two locations while Blacks are not. As Whites perceive positively the minority,
they will move in the location dominated by Blacks because the White minority
already living in the location is sufficiently large to compensate the large Black
majority. On the other hand, Blacks will prefer to move out of this location at
first as they can join a White majority and a small peer presence in the other
location. As both groups move, the utility differential increases for Whites but
diminishes for Blacks. The White majority is decreasing while the Black minority
is increasing while in the other location, the White minority is increasing and the
Black majority is shrinking. Thus when the White minority has grown sufficiently
large, Blacks come back in their initially dominated location.

From the description of the above example, we can see that saddle dynamics are
sensitive to the perceptions of the minority. For instance, let us assume that Blacks
have a negative percetion of the minority and the city starts in an integrated state
in which location 1 is deserted. Blacks suffer a lot in this location as there is the
largest Black community possible. No matter the identity of the minority, Blacks
have a negative pay-off in this location while it is actually null in the other location
as there is nobody. So Blacks have an incentive to move out of this neighborhood.
On the other hand, living with all their peers ensures Whites to have positive pay-
off in this location, as the complementarity with Blacks compensate sufficiently
their racist preference for the homophillic effect to dominate. Thus, Blacks destroy
the integrated state of the city. However, Blacks do not want to live with peers.
Consider a completely segregated state, Blacks would have an incentive to move in
the location dominated by Whites as they can benefit a lot from the large number
of Whites whereas they endure the largest Black community. So there should be a
point in between the completely segregated state and the integrated one deserting
location 1. The city reaches a stable state when the benefit of the White majority
minus the cost of living in a Black minority is equal to the cost of living only with
Blacks.

If the city follows a saddle dynamics, no relocation policy would restore an
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integrated state. The only possible policy would be to act on the perceptions of
the minority to bring back the city either in a source dynamics (where a relocation
policy can be implemented) or in sink dynamics. In the latter scenario, usually
no intervention would be required. The sink dynamics is similar to the one de-
scribed in the previous structure of preference. The source dynamics (without
spiraling) differs only from before in the reduced number of trajectories leading to
a segregated state (which will usually not be complete).

2.5 Different population sizes

Now, we relax the assumption of equal population sizes. At the city level one
group overwhelms the other, say LB > LW which is the South African case.25 The
particularity of this situation resides in the apparition of a subset of the set of
racial mixes in which the minority group at the global level is also a minority at
the local level for all the locations. When populations are equal this situation is
impossible as a minority group in one location is, by complementarity, the majority
in the other location.

Figure 5 gives a representation of the two types of subsets in which the society
can be. The red diamond corresponds to a subset of the city configurations, let us
call it D, where the minority group at the city level is also a minority at the local
level.26 The two white triangles, let us denote them E and F , are the sets where
the minority group in one location is the majority group in the other location.

The utility function, and therefore the difference in utility between two loca-
tions can be rewritten as:

∆uW1(B,W ) =


2(a+ γW )W + 2bB − (a+ γW )LW − bLB ∀(B;W)∈ D

(2a+ γW )W + (2b+ γW )B − (a+ γW )LW − bLB ∀(B;W)∈ E

(2a+ γW )W + (2b+ γW )B − aLW − (b+ γW )LB ∀(B;W)∈ F
(10)

and

25Note that the reverse assumption LW > LB is the American situation while the case of
equality LW = LB describes the Brazilian case.

26The red diamond is the set of all points where min[W ;B] = W and min[LW −W ;LB−B] =
LW −W .
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∆uB1(B,W ) =


2(c+ γB)W + 2dB − (c+ γB)LW − dLB ∀ (B;W) ∈ D

(2c+ γB)W + (2d+ γB)B − (c+ γB)LW − dLB ∀ (B;W) ∈ E

(2c+ γB)W + (2d+ γB)B − cLW − (d+ γB)LB ∀ (B;W) ∈ F
(11)

Then the corresponding dynamics is:

Wt+1 =



2(a+ γW )WtL
W + 2bBtL

W − (a+ γW )LW
2 − bLBLW − αLW

θ
∀ (B;W) ∈ D

(2a+ γW )WtL
W + (2b+ γW )BtL

W − (a+ γW )LW
2 − bLBLW − αLW

θ
∀ (B;W) ∈ E

(2a+ γW )WtL
W + (2b+ γW )BtL

W − aLW 2 − (b+ γW )LBLW − αLW

θ
∀ (B;W) ∈ F

(12)
and

Bt+1 =



2(c+ γB)WtL
B + 2dBtL

B − (c+ γB)LBLW − dLB2 − αLB

θ
∀ (B;W) ∈ D

(2c+ γB)WtL
B + (2d+ γB)BtL

B − (c+ γB)LWLB − dLB2 − αLB

θ
∀ (B;W) ∈ E

(2c+ γB)WtL
B + (2d+ γB)BtL

B − cLWLB − (d+ γB)LB
2 − αLB

θ
∀ (B;W) ∈ F

(13)
These last two sets of equations are important for the empirical part as they

can be directly estimated and depending on the set in which the city is, we are
able to identify directly all the coefficient and especially our parameters of interest
γW and γB.
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3 Racial preferences in the Post Apartheid South

Africa

3.1 Structural estimates

In order to approximate the different subsets of the previous section, we divide
the sample in two subsamples. The first subsample is composed by districts in
which Whites constitute the majority, whereas the second subsample is composed
by districts in which Blacks constitute the majority. Thus, each district is an
observation of a random variable corresponding to a location. Then regressing
on a particular subsample will gives us the effect for this particular subset. For
instance, if we regress on the White-dominated subsample, we are considering
that location 1 is dominated by Whites. So location 2 is dominated by Blacks.
Therefore, we are currently located in the subspace E. Similarly, if we regress on the
Black-dominated subsample, we are considering that location 1 is dominated by
Blacks. So location 2 is dominated by Whites. Therefore, we are currently located
in the subspace F.27 Thus, the empirical counterpart of the dynamic equation 12
(for Whites in E) is a linear autoregressive model:

Wi(t+ 1) = δ + β1Wi(t) ∗ LWi (t) + β2Bi(t) ∗ LWi (t) + β3L
W 2

i (t) + β4L
W
i (t) ∗ LBi (t)

+ β5L
W
i (t) + β′Xi(t) + εwi(t+ 1)

(14)

with δ a constant term, β′Xi(t) a set of location specific control variables with
their associated coefficient expressing the attractiveness of the locations,28 and εwi
an idiosyncratic shock that is both location and group specific.

We estimate separately equation 14 for each group and each location by Ordi-
nary Least-Squares. We thus get a set of four equations. To recover the structural
parameters of our model, we have both a theoretical and an empirical description.
By identification, we get a system of equations between the structural parameters
and the reduced form parameters. Unfortunately, the system is overidentified and
we have to turn to a least-squares solution.

Recalling equation 12 for Whites in the subspace E, we have that:

27Note that being in the subspace E is equivalent to being in the subspace F as E and F are
symmetric. Thus it is just a matter of notations and how you define location 1 and location 2.
Moreover, the construction of our subsamples insures that we cannot be in the subspace D as
each subsample is dominated by a different group. For the rest of the paper, we will adopt the
convention that the location 1 is the location dominated by Whites whereas location 2 is the
location dominated by Blacks.

28Throughout the paper, boldface characters denote vectors and matrices.
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W1(t+ 1) =
(2a+ γ)WtL

W + (2b+ γ)BtL
W − (a+ γ)LW

2 − bLBLW − αLW

θ
(15)

Then by identification with equation 14, we get the following system of five
equations but four unknowns: 

β1 = 2a+ γ
β2 = 2b+ γ
β3 = −(a+ γ)
β4 = −b
β5 = −α

(16)

The least-square solution results from the following minimization programme:

min
a,b,γ,α

(β1 − 2a− γ)2 + (β2 − 2b− γ)2 + (β3 + a+ γ)2 + (β4 + b)2 + (β5 + α)2 (17)

Then we derive analytically the expression of an estimator of our structural
parameters using the first order conditions of the minimization programme. We
obtain that: 

â =
7β1 − 3β2 + 4β3 − 6β4

10

b̂ =
2β1 + 2β2 + 4β3 +−6β4

10

γ̂ =
β2 − β1

2
+ β4 − β3

α̂ = −β5

(18)

Finally, we recover the standard errors of all the estimators of the structural
parameters by the delta method.

3.2 Data description

We exploit the data coming from the Community Profiles associated with the
census waves conducted in South Africa between 1996 and 2011. Community
Profiles are cross-tabulations of the full count aggregated by geographic areas.
They aim to guide the action of local public authorities. They are available up to
the enumeration area level for the 1996 and 2011 censuses, and to the subplace

21



level for the 2001 Census. As our statistical unit is a geographic subdivision, we are
facing two problems. First, we would like to have the largest sample size to conduct
a statistical analysis. Second, as segregation measures are sensitive to changes in
boundaries, we would like to have the most stable geographic layer. Unfortunately,
over the 1996-2011 period, no geographic layer remained unchanged. Thus, we have
chosen to work at the subplace level adjusted to the 2001 boundaries. To adjust
the data, we use the freeze history approach.29 The overlap between the ”source”
and the ”target” polygons serves as weight to adjust the data of the ”source” layer
to the targeted layer. See Appendix ”X” for more details. This procedure leads
to a sample size of 21243 subplaces in the three Census waves. Moreover, the
subplace has a concrete meaning for individuals as it is the broad area by which
they locate their living place in a city. Real estate agencies also use this layer for
theirs advertisements.

Our dependent variable should be the number of Whites30 in a subplace at a
particular census wave. However, we use instead the share of Whites in a subplace
to avoid the effect of population size disparity between subplaces. We add 1 to
this share and take the natural logarithm. The addition is made to avoid problems
of existence of the natural logarithm for subplaces with one population group
missing. The natural logarithm allow us to interprete the estimated coefficients as
elasticities.

The main independent variables are the number of Whites and Blacks in a
subplace at the previous census waves. We also apply the same transformations
as the dependent variable. We interact them by a measure of the total size of the
group at the province level. This measure is the natural logarithm of one plus the
share of Whites at the province level. This variable also appears on his own and
squared.

The set of control variables is composed by subplace specific variables of the
basic socioeconomic variables such as the mean age, the mean income level, the
unemployment rate, the mean number of years of education. They are either
measured as the natural logarithm of these variables, or of one plus the share if
their is a problem of existence as before. More details about the construction of
these variables can be found in the appendices.

29See [43] for a more detailed description.
30We detail data construction only for Whites in the text for the sake of brevity. But the same

transformations apply also for Blacks.
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3.3 Endogeneity and heteroscedasticity issues

3.3.1 Heteroscedasticity issues

As we are interested in inference on structural parameters, we are concerned by het-
eroscedasticity issues. This is a very common feature of microeconomic databases.
Our dataset does not avoid this problem.31 We then use the heteroscedastic-robust
variance-covariance matrix of White[53] as a correction.

3.3.2 Endogeneity issues

Our model is also subject to endogeneity issues for several reasons. First, in
autoregressive models, if you have long memory in the error terms, then the error
term at a period t is correlated to the autoregressive regressor because the latter
is correlated with the error term at the previous period t − 1. In our context,
forced displacements during the Apartheid can still possibly explain part of the
current racial composition. Second, we might have omitted important factors.
For instance, discriminatory practices in the housing or mortgage markets might
have an impact on the racial composition. Thus discriminatory practices would
be correlated with the number of Whites in the previous period and the error
term at t because of the autoregressive structure. Finally, there is a measurement
error problem as censuses usually suffer from under- or over count. According to
Statistics South Africa, undercount might be due to lack of accessibility which is
correlated with race.

Following Kasy[37], we construct instruments using the spatial structure of the
White population. We average the number of Whites in contiguous subplaces using
queen contiguity of order 1,2, and 3. On the one hand, if a subplace is dominated
by Whites, neighboring subplaces are more likely to be populated by Whites as
individuals exert homophillic behaviors. On the other hand, discriminatory prac-
tices in a subplace are less likely to be correlated with the number of Whites in
adjacent subplaces. Kasy[37] argues that neighboring areas 3 kms away from the
origin are likely to be valid instruments. In this regard, we exclude the first ring of
neighboring subplaces and use only 2nd and 3rd order contiguous subplaces. We
estimate the model with GMM.

We test for endogeneity using the augmented regression approach of Wu[55] as
the assumption of homoscedasticity of the Hausman’s test is not verified here.32

Moreover, we test overidentifying conditions as we have four instruments for two
endogenous variables. Results of the Hansen’s test[36] is provided in table 6.

31We provide the results of the Breusch-Pagan test[13] in the appendix (table 7). The ho-
moscedasticity assumption is rejected in all cases.

32See Table 7 for heteroscedasticity. See Table 5 for tests of endogeneity.

23



4 Discussion

The first observation we can make about our structural estimates is that we find
strong homophillic tastes for both Blacks and Whites. It is always stronger for
Whites than their taste for Blacks. It is almost always true for Blacks also. How-
ever, Whites always have a positive taste for Blacks which is more surprising con-
sidering the strong racist rhetoric of the White government during the Apartheid
years. Nevertheless what we observe is a mean effect, and a possible explanation
is that Whites racists may have been marginalized through time and the efforts
of reconciliation made by Mandela. For Blacks, the evidences concerning their
taste for Whites are more ambiguous. When we estimate separately each group
and location (table 4, columns 1-4), they express some aversion for Whites as c is
always negative. But the magnitude of this effect varies a lot. When we switch
to joint estimations, the aversion is replaced by a positive taste for Whites with
again a lot of variation. All these elements may indicate that the definitive effect
is probably small and require more informations to be precisely estimated.

When we turn to the perception of the minority coefficient, again we have
some differences between the separate estimations and the joint estimations. In
the former case, Whites living in Whites dominated districts express a distaste
for living in the minority while Blacks living in Black dominated districts tend
to like the presence of a White minority. Table 18 provides more evidences in
this direction. Whites generally reject living in the minority while accepting the
presence of Blacks. They even dislike more living in the minority than they like the
presence of Blacks which may explain their reluctance to integrate. In the same
time, Blacks are prone to live in the minority, and it is almost always stronger
than their taste for Whites. This should act as a strength of the integration of
Blacks. When we look at the joint estimations, the evidences point out a distaste
for diversity, even if in the Black dominated location minority is positively viewed.
Whites even tends to integrate more than Blacks as they prefer more the presence
of Blacks than they dislike living in the minority. In fact, separate and joint
estimations go in the opposite direction. However, test about the equality of the
gamma coefficients seems to give credits to the interpretations with group specific
values of gamma. Thus we should turn to a model considering this difference.
Nevertheless, the discrepancy between the two hypotheses about gamma does not
alter the results of more integration. It just impact who is integrating with whom.
When both group perceives the minority the same way, Whites tends to integrate
with Blacks while the reverse occurs if each group has a specific perception of the
minority.
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5 Appendix

5.1 Proof of Proposition 1

Proof. Consider a simplex S defined by Nk
i ≥ 0 and

∑
k

∑
i

Nk
i = L > 0. Let us first

study the differentiability of the function ∆uki(W,B). As the two populations are
equal, we can explicit the behavior of the min term. If W < B then min[W,B] =
W and min[LW − W,LB − B] = LB − B. If W > B then min[W,B] = B
and min[LW − W,LB − B] = LW − W . If W = B then min[W,B] = W and
min[LW −W,LB −B] = LW −W by convention. Then by simple algebra, we can
deduce that the function ∆uki can be expressed finally for Whites as :

∆uWi(W,B) =


(2a+ γW )W + (2b+ γW )B − L(a+ b+ γW ) if W 6= B

(a+ b+ γW )(2W − L) otherwise
(19)

Then the function ∆uki(W,B) is differentiable on a domain if both the partial
derivatives exists and if it has a total differential in each point of its domain.
First let us look at the case W = B. Thus, ∆uki(W,B) reduces to a function of a
single variable and we can easily check that ∆uki(W,B) is effectively differentiable.
When W 6= B we can easily see that the two partial derivatives exists, and, with
a bit of algebra, that for an arbitrary (W0, B0) with W 6= B,W0 6= B0 :

lim
(W,B)→(W0,B0)

W 6=B

∆uki(W,B)−∆uki(W0, B0)− [
∂∆uki

∂W
(W0, B0)](W −W0)− [

∂∆uki

∂B
(W0, B0)](B −B0)

|(W −W0)2 + (B −B0)2|
= 0

(20)

Then ∆uki(W,B) is differentiable for all W 6= B and in fine differentiable for
all (W,B). Then P kiLk is a continuous function which maps from S (which is a
convex and compact set) into itself. Hence, the existence of a fixed point Nk∗

i ≥ 0
such that Nk∗

i = P ki(uki(Nk∗
i , N

−k∗
i ), ukj(Nk∗

j , N
−k∗
j ))Lk, ∀k ∈ K, ∀i, j ∈ I is

ensured by Brouwer’s fixed point theorem.

5.2 Proof of Proposition 2

Proof. Let us first provide the conditions for uniquenes and the ones for stability,
then let us show that uniqueness implies stability, and finally that stability implies
uniqueness. Define two vectors
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N ≡ (NW
1 , NW

2 , NB
1 , N

B
2 ),

f ≡ (f 1W , f 2W , f 1B, f 2B)
(21)

with fki ≡ Nk
i − P ki(.)Lk ∀k ∈ K. Hence, solving the system f(N) = 0

gives us the equilibrium. As shown in the proof of proposition 1, the function
∆uki(W,B) is differentiable which implies that f is a differentiable mapping from
Ω into R4, with Ω a closed rectangular region Ω = {N |0 ≤ Nk

i ≤ Lk}. The
Jacobian matrix is thus :

Jf =
1

θ

(
θ − (2a+ γW )L −(2b+ γW )L
−(2c+ γB)L θ − (2d+ γB)L

)
(22)

if W 6= B, and is equal to diag{θ − 2(a + b + γW )L, θ − 2(d + c + γB)L}
otherwise. Then according to the theorem 4 of Gale and Nikaidô[32], the mapping
f is univalent if the Jacobian matrix is a P-matrix (i.e. a matrix with all its

principal minors positive). Thus in our case, as
1

θ
> 0,33 we have the following

sufficient conditions :
θ > (2a+ γW )L,
θ > (2d+ γB)L,
(θ − (2a+ γW )L)(θ − (2d+ γB)L) > (2c+ γB)(2b+ γW )L2.

(23)

If this conditions are satisfied, the uniqueness of the equilibrium is implied by
the univalence of the mapping f .

Let us now examine the stability conditions considering the dynamic adjust-
ment process in equation (9). We can remark that the right-hand side of the
dynamic system is equal to −f(N) leading to the same Jacobian matrix multi-
plied by −1 :

Jf =
1

θ

(
(2a+ γW )L− θ (2b+ γW )L

(2c+ γB)L (2d+ γB)L− θ

)
. (24)

Then by classical arguments, the equilibrium is stable if the two eigenvalues
of our system have a negative real part which can be viewed by conditions on the
trace and the determinant :

{
2(a+ d)L+ (γW + γB)L− 2θ < 0,
((2a+ γW )L− θ)((2d+ γB)L− θ)− (2c+ γB)(2b+ γW )L2 > 0,

(25)

33Because of the assumption α < 0 and β > 0.
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which is easily seen by simple algebra to be the same conditions as for the
uniqueness which completes the proof.

5.3 Proof of Proposition 3

Proof. We solve the equation TrJf = 0 for γW as a function of γB which leads to

γW =
θ

L
− 2(a+ d)− γB (26)

Then solving |Jf | = 0 for γW as a function of γB leads to

γW =
γB[((2b− 2a)L+ θ)L] + 4(cb− ad)L2 + ((2a+ 2d)L− θ)θ

((2d− 2c)L− θ)L
(27)

These two lines are defined on R. We can also characterize when the system
will oscillate by solving Tr2Jf − 4|Jf | = 0 for γW as a function of γB. This gives us
the following solutions:

γW = −2a− 4c+ 2d− 3γB ±
√
S (28)

with

S ≡ (4c− 2d)2 + a(4 + 16c− 8d)− (2(a+ d)L− 2θ)2 − 8aLθ − 8dLθ − 4θ2

+ 16adL2 − 16cdL2 + γB(16a− 8b+ 24c− 16d) + 8γ2B
(29)

Then a sink will be characterized by a negative trace and a positive determi-
nant. These conditions are fullfilled somewhere in R2 for a certain couple (γ∗B, γ

∗
W )

if the two lines (equations (26) and (27)) intersect. But they are also fullfilled if
the two lines are parallel with different intercepts. They might also been fullfilled
when the two lines are the same but this case is not interesting as it will become
clear by the end of the proof.

Then the two lines are parallel if they have the same slope coefficient. Thus,
let us solve the following equation:

((2b− 2a)L+ θ)L

((2d− 2c)L− θ)L
= −1 (30)

Note that we need to have 2(d − c) 6= θ

L
in order for the line (27) to exist.

After computations, we obtain:
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b− a = c− d (31)

Then if this condition is not satisfied, the two lines where the trace and the de-
terminant are null are not parallel. Thus they intersect somewhere in the (γB, γW )
plan.

Now, if they are parallel, they are mingled if they have the same intercept.
Thus, let us solve the following equation:

θ

L
− 2(a+ d) =

4(cb− ad)L2 + ((2a+ 2d)L− θ)θ
((2d− 2c)L− θ)L

(32)

After computations, we get:

(2d− 2c)Lθ + 2c(2a− 2b)L2 + 2d(2c− 2d)L2 = 0 (33)

From this equation, we see that if a = b and c = d then the two lines are the
same as they will have the same slope and intercept coefficients. However this sit-
uation means that both groups like (or dislike) equally the two groups. This is not
really credible as people have often a homophillic bias in their interactions (Cur-
rarini et al.[22], and Skvoretz[51]). Moreover, antisocial behaviors will be punished
in environment where you have frequent or long lasting interactions(Bowles[10]).
In the context of segregation, you are precisely in a situation where you are going
to have these kinds of interactions with your neighbors. Thus antisocial behaviors
will not characterize a substantive share of individuals in the population.

Now, if a 6= b and c 6= d, we can rewrite the previous equation as:

L(2d− 2c)(θ − 2dL) + 2c(2a− 2b)L2 = 0

⇔(2d− 2c)(θ − 2dL) = −2c(2a− 2b)L

⇔θ − 2dL =
−2c(2a− 2b)L

2d− 2c

⇔ θ

L
= 2(d− c)

(34)

The last equation comes from the assumption that the two lines are parallel
(i.e. b − a = c − d). However this condition implies that the line (27) does not
exist.

So if we exclude unlikely structures of preferences (i.e. a = b and c = d),
and if the line (27) exists, then the line (26) and (27) either intersect once or are
parallel with different intercepts. Then there exists parameters regions (γ∗B; γ∗W )
where the trace will be positive while the determinant will be negative. Thus, the
equilibrium will be a sink, integrated and stable.
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Moreover, there also exists parameters regions (γPB ; γPW ) where the trace and
the determinant will be both positive. Thus the system will be dynamically a
source. In this case, the equilibrium will not be stable anymore but the system
will end in one of the corner of the edgeworth box depicting our city. Then if the
city is in the basin of attraction of an integrated state,34 there is no need for a
public policy as the system will converge by itself toward an integrated state. On
the contrary, if the city is in the basin of attraction of a completely segregated
state, then a relocation policy that will displace a sufficient number of members
of the local majority to the other location will replace the city on an integration
path. Hence, the proof is complete.

5.4 Analytic solution of the first-order differential system

Proof. Recalling the system (9):


Ẇ =

((2a+ γ)L− θ)Wt + (2b+ γ)LBt − L2(a+ b+ γ)− αL
θ

Ḃ =
(2c+ γ)LWt + ((2d+ γ)L− θ)Bt − L2(c+ d+ γ)− αL

θ

(35)

we can rewrite it in a more tractable form :
Ẇ = AWt + PBt −Kw

Ḃ = CWt +DBt −Kb

(36)

with A ≡ (2a+ γ)L− θ
θ

, P ≡ (2b+ γ)L

θ
, C ≡ (2c+ γ)L

θ
, D ≡ (2d+ γ)L− θ

θ
,

Kw ≡
−L2(a+ b+ γ)− αL

θ
, Kb ≡

−L2(c+ d+ γ)− αL
θ

.

Then we can get the following system by expressing Bt as a function of Wt and
its differentials : 

Bt =
Ẇ − AWt −Kw

P

Ḃ = CWt +DBt −Kb

(37)

Then deriving an expression of Ḃ from this first equation :

34See definition 3 for the precise meaning of what we call a state.
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Ḃ =
Ẅ − AẆ

P
(38)

We can then rewrite the second equation of the system (25) as :

Ẅ − AẆ
P

= CW +D
Ẇ − AWt −Kw

P
+Kb (39)

which can be rearranged as :

Ẅ − (A+D)

P
Ẇ + (A− C

P
)Wt = Kb −

D

P
Kw (40)

Then we solve first the homogeneous equation related to equation (28):

Ẅ − (A+D)

P
Ẇ + (A− C

P
)Wt = 0 (41)

which has the characteristic equation:

r2 − (A+D)

P
r + (A− C

P
) = 0 (42)

with r a generic term. Then depending on the sign of the discriminant of
equation (30), we get the following general solutions denoted by the superscript g
:



If ∆ > 0, Then W g
t = k1e

r1t + k2e
r2t with r1, r2 =

A+D

P
±
√

∆

2

If ∆ = 0, Then W g
t = k1e

rt + k2te
rt with r =

A+D

2P

If ∆ < 0, Then W g
t = eξt(k1cosϕt+ k2sinϕt) with ξ =

A+D

2P
and ϕ =

√
∆

2
(43)

Then for a particular solution (denoted by the superscript p), as the forcing
term is a constant, let us assume that y(t) is a constant, then the first differential
is null while the second differential does not exist which implies that a particular
solution for Wt is :

W p
t =

PKb −DKw

PA− C
(44)
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Then as the solution of a differential equation is the sum of a general solution
and a particular solution, we know the form of the solution for Wt. Therefore we
can compute the solution for Bt. First, if ∆ > 0, then we have :

W ∗
t = k1e

r1t + k2e
r2t +

PKb −DKw

PA− C
⇐⇒ Ẇ ∗ = r1k1e

r1t + r2k2e
r2t (45)

Then substituting into the first equation of (25), we get:

B∗t = (r1 − A)k1e
r1t + (r2 − A)k2e

r2t − APKb −DKw

PA− C
(46)

5.5 Details of the variables

Table 3: Reduced form estimates

• N2L5 represents the interaction between N2 and L5 which are respectively
ln(1 + B) and ln(1 + LW ), with B the share of Blacks in a district in 1996,
and LW is the share of Whites in a province in 1996. It is equivalent to the
term BtL

W in the theoretical model.

• N5L5 represents the interaction between N5 and L5 which are respectively
ln(1 +W ) and ln(1 +LW ), with W the share of Whites in a district in 1996,
and LW is the share of Whites in a province in 1996. It is equivalent to the
term WtL

W in the theoretical model.

• L2L5 represents the interaction between L2 and L5 which are respectively
ln(1 + LB) and ln(1 + LW ), with LB the share of Blacks in a province in
1996, and LW is the share of Whites in a province in 1996. It is equivalent
to the term LBLW in the theoretical model.

• L5L5 represents the interaction between L5 and L5 which is ln(1 + LW ),
with LW the share of Whites in a province in 1996. It is equivalent to the
term (LW )2 in the theoretical model.

• L5 represents ln(1+LW ) with LW the share of Whites in a province in 1996.
It is equivalent to the term LW in the theoretical model.

• N2L2 represents the interaction between N2 and L2 which are respectively
ln(1 + B) and ln(1 + LB), with B the share of Blacks in a district in 1996,
and LB is the share of Blacks in a province in 1996. It is equivalent to the
term BtL

B in the theoretical model.
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• N5L2 represents the interaction between N5 and L2 which are respectively
ln(1 +W ) and ln(1 +LB), with W the share of Whites in a district in 1996,
and LB is the share of Blacks in a province in 1996. It is equivalent to the
term WtL

B in the theoretical model.

• L5L2 represents the interaction between L5 and L2 which are respectively
ln(1 + LW ) and ln(1 + LB), with LB the share of Blacks in a province in
1996, and LW is the share of Whites in a province in 1996. It is equivalent
to the term LBLW in the theoretical model.

• L2L2 represents the interaction between L2 and L2 which is ln(1 + LB),
with LB the share of Blacks in a province in 1996. It is equivalent to the
term (LB)2 in the theoretical model.

• L2 represents ln(1 +LB) with LB the share of Blacks in a province in 1996.
It is equivalent to the term LB in the theoretical model.

• Mean years of education (1996) represents the natural logarithm of the
mean number of years of schooling in a subplace in 1996.

• Mean age (1996) represents the natural logarithm of the mean age in a
subplace in 1996.

• Mean income (1996) represents the natural logarithm of the mean income
in a subplace in 1996. The income is computed as the center of the class in
which the individual has declared to be. Incomes of other year are deflated
to 1996 Rands.

• Unemployment rate (1996) represents the natural logarithm of 1 plus the
unemployment rate in a subplace in 1996. The unemployment rate is com-
puted as the number of individuals aged 15 or older declaring that they are
unemployed and looking for a job over the sum of the individuals aged 15 or
older currently employed and of the individuals declaring being unemployed.
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